Assemblies of interacting quantum particles often surprise us with properties that are difficult to predict. One of the simplest quantum many-body systems is the spin 1/2 Heisenberg antiferromagnetic chain, a linear array of interacting magnetic moments. Its exact ground state is a macroscopic singlet entangling all spins in the chain. Its elementary excitations, called spinons, are fractional spin 1/2 quasiparticles; they are created and detected in pairs by neutron scattering. Theoretical predictions show that two-spinon states exhaust only 71% of the spectral weight while higher-order spinon states, yet to be experimentally located, are predicted to participate in the remaining. Here, by accurate absolute normalization of our inelastic neutron scattering data on a compound realizing the model, we account for the full spectral weight to within 99(8)%. Our data thus establish and quantify the existence of higher-order spinon states. The observation that within error bars, the entire weight is confined within the boundaries of the two-spinon continuum, and that the lineshape resembles a rescaled two-spinon one, allow us to develop a simple physical picture for understanding multi-spinon excitations.
Assemblies of interacting quantum particles often surprise us with properties that are difficult to predict. One of the simplest quantum many-body systems is the spin 1/2 Heisenberg antiferromagnetic chain, a linear array of interacting magnetic moments. Its exact ground state is a macroscopic singlet entangling all spins in the chain. Its elementary excitations, called spinons, are fractional spin 1/2 quasiparticles; they are created and detected in pairs by neutron scattering. Theoretical predictions show that two-spinon states exhaust only 71% of the spectral weight while higher-order spinon states, yet to be experimentally located, are predicted to participate in the remaining. Here, by accurate absolute normalization of our inelastic neutron scattering data on a compound realizing the model, we account for the full spectral weight to within 99(8)%. Our data thus establish and quantify the existence of higher-order spinon states. The observation that within error bars, the entire weight is confined within the boundaries of the two-spinon continuum, and that the lineshape resembles a rescaled two-spinon one, allow us to develop a simple physical picture for understanding multi-spinon excitations.
100 years ago Max von Laue and co-workers discovered X-ray diffraction 1 , thereby giving birth to the field of crystallography to which we owe much of our understanding of materials on the atomic scale. The very first diffraction image was recorded from a single crystal of copper sulphate pentahydrate 1, 2 . In addition to vast practical use including herbicide, wood impregnation and algae control in swimming pools, copper sulphate also carries great educational importance.
Generations of school children have been inspired in chemistry classes across the globe by growing from evaporating solution beautiful blue crystals of copper sulphate (in 2008, artist Roger Hiorns created an installation called Seizure 3 covering an entire apartment in copper sulphate crystals).
When cooled close to absolute zero temperature copper sulphate has even more fascinating lessons to teach -it becomes a quantum spin liquid. Moreover, it materializes one of the simplest models hosting complex quantum many body physics, the one-dimensional spin 1/2 Heisenberg antiferromagnet, for which there exists an exact analytic solution -namely the Bethe ansatz 4 .
Quantum spin liquid ground states entangle a macroscopic number of spins and give rise to astonishing and counter-intuitive phenomena. Quantum spin liquids occur in a variety of contexts ranging from the quantum spin Hall effect 5, 6 over high-T c superconductivity [7] [8] [9] and confined ultracold gases to carbon nanotubes 10 . A particularly clear form of a gapless algebraic quantum spin liquid is realized in a one-dimensional array of spins 1/2 that are coupled by nearest-neighbour isotropic exchange, the spin 1/2 Heisenberg antiferromagnetic (HAF) chain. At zero temperature, this spin liquid is critical with respect to long-range antiferromagnetic order as well as with respect to dimerization 11, 12 . Its emerging gapless fractionalized excitations are called spinons 13 . The concept of fractional excitations has been applied to magnetic monopoles in spin ice [14] [15] [16] [17] , kagomé and hyper-kagomé lattices 18 , the quantum Hall effect [19] [20] [21] [22] , conducting polymers 23, 24 , and even to certain spin arrays with local spin larger than 1/2 25, 26 . For the prototypical spin 1/2 HAF chain, exact calculations of the dynamic structure factor over the whole range of the spectrum have become available. They reveal that two-spinon states exhaust 71% of the first frequency moment sum-rule 27 . Including four-spinon states brings that level to 98(1)% 28 . The qualitative characteristics of two-spinon excitations, a continuum-like spectrum with linearly dispersing low-energy onset, are evidenced by inelastic neutron scattering on numerous compounds [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . Among them, there are various quantitative attempts of an absolute comparison to theory 30, 37, 41 . However, none was sufficiently accurate to distinguish between an excitation continuum made of only two-spinon states and that composed of two-and higher-order spinon states, bearing a ∼30% larger spectral weight. The main sources of uncertainty come from the need to normalize the neutron scattering intensity to that of a reference Vanadium standard and from the role of other intrinsic and extrinsic sources of bias such as covalency, self-absorption, atomic zero point and thermal motion, and the limits of the dipole approximation used in the interpretation of the neutron cross section. The recent most accurate study, on the cuprate compound Sr 2 CuO 3 , finds only 80% of the predicted spectral intensity 41 .
Here we present a totally different approach to quantifying the full correlator, including twoand higher-spinon contributions. A magnetic field H||z large compared to the antiferromagnetic exchange aligns all spins parallel. This fully polarized state, S z n = S, is an eigenstate of the Heisenberg Hamiltonian H = J ∑ n S n S n+1 − gµ B HS z , and identical to the classical ground state, which we obtain if we neglect all commutation relations of spin operators. In consequence, dispersion and intensity of the low-energy excitation spectrum are correctly described by linear spin-wave theory for which the elementary quasiparticles are non-interacting magnons. The classical magnon dispersion in the fully polarized phase has already been successfully employed to determine the microscopic parameters of the Hamiltonian of a two-dimensional frustrated quantum antiferromagnet 44 . Here, we go one step further and determine not only the microscopic parameters from the dispersion of the magnon, but also exploit its wave-vector independent intensity to obtain an absolute intensity scale. Having fixed energy and intensity scale at high magnetic field, in the fully polarized "classical" phase, the quantum theory is tested against the zero-field data without any adjustable parameters. This approach avoids numerous uncertainties of previous attempts and allows to verify the role of higher-order spinon states quantitatively.
In Fig. 1 , we illustrate in a cartoon-like fashion the characteristic differences of the ground state and the excitations in the zero-field and the fully polarized phase. The magnon in the fully polarized state can be understood as a firmly bound domain wall pair that propagates and delocalizes as a single entity, Fig. 1a . This results in a discrete energy-momentum dispersion relation of the magnon, evidenced in the intensity-colorplots Fig. 1c . Domain wall propagation is achieved via the terms S α n S α n+1 in H with α = x, y. The excitation amplitude (the magnon eigenvector) is therefore always transverse to the applied magnetic field H||z.
In zero magnetic field the spins 1/2 entangle into a macroscopic singlet S tot = ∑ n S n = 0, where local spin projections are no longer good quantum numbers, S α n = 0, α = x, y, z. Nevertheless, at T = 0 the two-spin correlations decay only algebraically, S α 0 S α n ∝ (−1) n n −1 , indicating infinitely large correlated antiferromagnetic regions. Snapshots of such a correlated region are shown in ), where they represent an abrupt domain wall between the two distinct antiferromagnetic orders. Approaching the Heisenberg limit, ∆ = 1, the local spin flip can no longer be represented by two spinons alone, but rather decomposes in a rapidly converging series of states containing two, four, and higher even numbers of spinons.
While each spinon has a discrete energy-momentum relation, the excitation spectrum is composed of spinon pairs (and higher even-numbered spinon states with S tot = 1), and will therefore appear continuous. This characteristic continuous spectrum is indeed observed at zero field, both experimentally and in exact calculations of the two-and four-spinon contributions, Fig. 1d . In contrast to magnons, the spinon excitation amplitude is identical for all three orthogonal directions, α = x, y, z. Precise calculations for the two-and four-spinon spectra (which represent around 98(1)% of the full response function in the thermodynamic limit) have become available 28 At zero magnetic field, the Zeeman levels of the decoupled Cu 2 spins are not split, the flat branch has energy zero, and only the chain-forming Cu 1 spins contribute to the inelastic spectrum. We observe a sine-shaped lower boundary of the continuous scattering, with maximum onset-energy 0.402(2) meV at h = 1 4 . This experimentally determined spinon bandwidth agrees within 2% error with the theoretical prediction π 2 J a = 0.406(7) meV, with J a determined from the bandwidth in the fully polarized phase. We thus confirm experimentally that the energy of spinon excitations is quantum renormalized upwards by a factor π 2 compared to classical magnons 45 .
In order to compare the observed intensities to the theoretical two-and four-spinon dynamic structure factor, we consider the inelastic neutron cross section
Here, k i , k f denote the variable incoming and fixed outgoing neutron wave vector, γ is the gyromagnetic ratio of the neutron, r 0 the electron Bohr-radius, f (Q) the form-factor of the electronic shell responsible for the Cu 1 spin, taken at the total momentum transfer Q, and S αα (Q, ω) =
r dt the dynamic structure factor, where α = x, y, z denote the directions x||Q, y ⊥ Q in the scattering plane, and z perpendicular to the scattering plane.
In our experiment, the magnetic field H||z = [0, −1, 1] is perpendicular to the scattering plane.
The theoretical magnon intensity in the fully polarised phase is given by S xx (Q, ω) = S yy (Q, ω) = S 2 δ ω − ω(h) per chain spin Cu 1 . Of these, only S yy (Q, ω) is visible, since the neutron scatters exclusively from magnon eigenvectors perpendicular to the total momentum transfer Q||x as expressed by the factor 1 −Q αQα in the cross section. We therefore identify the observed
We observe in the experiment that N(Q, ω) does not depend on Q or ω, Fig. 2d . N(Q, ω) = N therefore contains all prefactors in the neutron scattering cross section, including orbital and covalency effects.
The zero-field data are then normalized by the factor N obtained from the fully saturated phase, and thus can be directly compared to the dynamic structure factor per Cu 1 spin. For an isotropic ground-state we have S xx (Q, ω) = S yy (Q, ω) = S zz (Q, ω), but only S yy (Q, ω) + S zz (Q, ω) = 2 S yy (Q, ω) contribute to the inelastic scattering cross section.
In Fig. 3 we compare the normalized zero-field inelastic spectra to theoretical predictions. Before exact calculations were available, experimental data were usually compared to the Müller ansatz 46 , an approximation of the two-spinon continuum with an artificial cut-off at the upper two-spinon boundary. Evidently, the lineshape of the Müller ansatz does not very well describe our experimental data in that it underestimates the low-energy part of the spectrum and overestimates the high-energy part, Fig. 3a . Next, we compare our data to the exact two-and four-spinon dynamic structure factor 2 S yy 2+4 (Q, ω) 28 . For this comparison we introduce a Q-dependent prefactor, A 2+4 (Q) which equals 1 if the theory describes the normalized inelastic intensities perfectly. With the exchange J a = 0.252 meV fixed to the value determined by the spin-wave fit to all data of the fully polarized phase (cf. Supplementary Materials) we fit for each wave vector
2 ) the prefactor A 2+4 (h) of the two-and four-spinon structure factor 2 S yy 2+4 (Q, ω). We obtain prefactors close to 1 and essentially independent of Q, with A 2+4 (h) = 1.03(9), Fig. 3g .
A simultaneous fit of all zero-field data with free J a yields J a = 0.256(1) meV and the global prefactor A 2+4 = 0.99 (8) . This fit is displayed as red lines in Fig. 3 , and is indistinguishable from lines with A 2+4 = 1. In order to illustrate the importance of the four-spinon contribution, Fig. 3a- f also displays the exact two-spinon-only structure factor as shaded area. Inside the two-spinon boundaries, the two-and four-spinon continua have a similar lineshape. Therefore, fits to the twospinon-only structure factor could approximately model the data, but would require an increase of the prefactor to 1.4(1). Thanks to our accurate absolute normalization of the neutron data we can therefore establish that two-spinon states only account for 74(6)% of the measured spectral weight. We thereby unambiguously demonstrate that higher spinon states contribute significantly with 26(6)% to the spectrum.
The essential properties of four-spinon excitations can be captured using the pictures of Fig. 1b .
In the Ising limit (∆ → ∞), a localized spin flip exactly projects onto a state with two spinons. Since these domain walls are localized, the state immediately after the spin flip can be represented as a combination of two-spinon states with a broad momentum distribution. In the Heisenberg case (∆ → 1) however, since each spinon is an extended object, the initial (t = 0) state with a local spin flip must be decomposed into a quantum mechanical superposition of (mostly) two-and fourspinon states weighted by spinon-momentum dependent complex amplitudes. The evolution of that state (at a different position and later time t > 0) is encoded in the spin-spin correlator such that two-spinon excitations contribute if one spinon propagates at the appropriate velocity. The leading four-spinon parts of the correlator closely follow that of the two-spinon states; they resemble twospinon contributions but with two additional spinons added with close to zero momentum and energy. As a consequence, the four-spinon correlation weight is almost entirely contained within the boundaries of the two-spinon continuum, where it approximatively follows the same lineshape.
In Supplementary Materials we complement this description of two-spinon and four-spinon states based on the Bethe ansatz. Fig. 4 , which illustrates the static structure factor S(Q) and the first frequency moment ω S(Q, ω) dω, additionally confirms that two-and four-spinon excitations together essentially exhaust the spectral weight and the first moment sum rule. The two-spinon-only contribution is again displayed as shaded area, and can clearly not account for the observed intensity. Our work thus proves quantitatively the validity of the spinon concept for the excitation spectrum of the spin 1/2 Heisenberg chain.
In conclusion, we exploit in this work that a large magnetic field quenches CuSO 4 ·5D 2 O from a macroscopically entangled quantum state into the fully polarized state that can be described classically. Domain wall pair excitations have then a finite threshold energy and are bound or "confined" by the magnetic field. The resulting quasiparticle, the magnon, is correctly described by the classical spin wave theory. We use its known energy and intensity to quantitatively confirm the abstract concept of fractional spinon excitations out of the macroscopically entangled quantum state at zero-field in a real material. The theoretical spinon concept is fully confirmed by our experiment -the spinon has a π/2 larger bandwidth than the magnon, the lineshape of the energy scans corresponds to the exact two-and four spinon dynamic structure factor, and both two-and four spinon contributions are needed to account for the experimentally observed intensity, spectral weight, static structure factor, and first moment sum rule.
Methods
Full Methods are available in Supplementary Materials. The spectrum from the high-field fully polarized state was analysed by a linear spin-wave theory fit to yield exchange parameters, g−factors, and absolute intensity. We obtained a dominant exchange between nearest-neighbour Cu 1 spins, J a = 0.252(17) meV. Other magnetic interactions in the material were found to be small or negligible, J b + J c <0.004(7) meV, The zero field data were analysed by comparing to calculations including two-and four-spinon states. Their exact contributions to the zero-temperature dynamical structure factor of the spin 1/2 Heisenberg isotropic chain were obtained directly in the thermodynamic limit using the vertex operator approach 48 based on the exact solvability of the Heisenberg model 28 . This theoretical dynamic structure factor was compared to the zero-field data after convolution to a normalized two-dimensional Gaussian profile to account for the finite experimental energy and momentum resolution in the experiment. From a global least-squares fit to the entire dataset we obtained All data were taken above the Néel ordering temperature into three-dimensional long-range order.
Normalization between the data taken with the magnet and with the orange cryostat was obtained via an energy scan taken at zero field and 100 mK on the same crystal in both environments. At 5 T and 5.5 T, all magnetic excitations are sharp and driven to high energies. The nonmagnetic background, arising from substantial incoherent elastic scattering (probably due to H-D exchange of the sample's crystal water when exposed to air), can therefore be easily subtracted from all spectra. In order to isolate the signal coming from Cu 1 at zero magnetic field, the amplitude of the incoherent scattering (including the paramagnetic scattering from Cu 2 ) can be determined at energy transfer zero for each wave vector, since even at h = The theoretical magnon intensity is given by S xx (q, ω) = S yy (q, ω) = S 2 δ (ω − ω(h)) per Cu 1 . With N spins coupled to a HAF-chain via J a , there are N wave vector states per Brillouin zone, each contributing with S to the total spectral weight. The remaining spectral weight, NS 2 , resides at ω = 0, q = 0 in the ferromagnetic Bragg peak of the fully polarized chain, so that chain-magnon and ferromagnetic Bragg peak together exhaust the entire spectral weight NS(S + 1) or S(S + 1) per chain spin Cu 1 . In experiments with a finite resolution the delta-function needs to be replaced by a normalized Gaussian. For the small Q-range and temperature (100 mK) of our experiments, the Debye-Waller factor is well approximated by 1.
In Fig. 2 the intensity of the flat branch appears substantially higher than that of the dispersive branch. This could either point to additional free Cu-spins (due to imperfections of the crystal) and/or result from multiple scattering of the neutron (an incoherent elastic scattering process combined with scattering from the flat excitation branch). In view of the size of the crystal and the amplitude of the incoherent elastic scattering, the latter appears much more plausible. For disper-sive excitations, multiple scattering would affect the intensities at the maximum and minimum of the dispersion band much more than the intensity in the middle of the band. Since we do not see any visible increase of N(Q, ω) at h = 1 2 compared to h = 1 4 we conclude that multiple scattering from dispersive excitations is still negligible. This means that we can neglect it for the evaluation of the zero-field intensities.
Zero-field model
The zero-field data are compared to the exact contributions from two-spinon and four-spinon states to the zero-temperature dynamical structure factor of the spin 1/2 Heisenberg isotropic chain, obtained directly in the thermodynamic limit using the vertex operator approach 48 based on the exact solvability of the Heisenberg model 28 . This theoretical dynamic structure factor was convoluted to a normalized two-dimensional Gaussian profile to account for the finite experimental energy and momentum resolution. A global least-squares fit to the data was performed with four free parameters: the chain exchange J a , the global amplitude prefactor A 2+4 , and the energy and momentum resolution. We obtain a unique set of parameters that describes the entire dataset, as shown in Fig. 2 . This fit yields J a = 0.256(1) meV, and A 2+4 = 0.993(84), and an energy resolution (full width at half maximum) of 0.078 meV, in perfect agreement with the measured resolution at zero energy transfer (see above). In a second step, the resolution was kept fixed, the exchange constant J a was kept fixed to the value determined from the spin-wave fit above the saturation field, J a = 0.252 meV, while the amplitude prefactor was allowed to change for each momentum-transfer. This second fit gives consistent results, see the A 2+4 (h) in Fig. 2g , with an average A 2+4 (h) = 1.03 (9) . Since k i varies only by 20% over the whole range of energy transfers, we do not expect a visible change of the resolution with energy.
The experimental structure factor S(Q) = S(Q, ω)dω and the experimental first moment K 1 (Q) = ω S(Q, ω) dω are obtained by numerical integration of the constant-Q scans using data above 0.150 meV. Close to h = 0.5, where the lower continuum boundary approaches zero energy transfer, we naturally miss out some intensity.
Additional physical picture for two-and four-spinon states An alternative picture for multi-spinon excitations in the spin 1/2 HAF chain, at any anisotropy ∆, can be obtained in the Bethe ansatz language, in which the zero-field ground state is described by a distribution of filled quantum numbers. Spinons are holes within this distribution and can be seen as somewhat analogous to holes for a filled Fermi sea. However, in contrast to fermions, spinons are semions 49 and adding two of them only blocks one available quantum number. Low-energy spinons are associated with holes that occupy one or several quantum numbers lying close below the highest occupied quantum numbers defining the Bethe ansatz ground state. The latter quantum numbers, designated as "Fermi Level" in the following, are those for which creating holes results in spinons with zero energy. As holes are created deeper into the sea, the energy of the spinons increases. In the XY limit, ∆ → 0, the (longitudinal) spin-spin correlator is completely exhausted by two-spinon states. As they all have the same correlation weight, the dynamic structure factor simply follows the two-spinon density of states. Increasing the anisotropy, ∆ → 1, has two effects: the two-spinon matrix elements become momentum-dependent, and higher-spinon states obtain correlation weight 50 . Of all two-spinon states, those associated with holes that stay close to the Fermi level contribute most to the dynamic structure factor. The lower threshold of the excitation continuum (where the correlator is singular) is formed by states having one hole at the Fermi level and the other dispersing through the sea. Similarly, of all four-spinon states, the most important contributors are those associated with one dispersing hole and three additional holes situated close to the Fermi level. This implies that around the lower boundary of the continuum, the participation of four-spinon states to the dynamical structure factor closely follows that of two-spinon states.
Although four-spinon contributions are not confined to the two-spinon continuum, they only carry sizeable correlation weight within the boundaries of the latter.
